arXiv:1506.07089vl [math.RT] 23Jun2015 


Homogeneous Lie Groups and Quantum 

Probability 

Roland Friedrich and John McKay 


Abstract 

Here we extend the algebro-geometric approach to free probability, started in [17, 
13], to general (non)-commutative probability theories. We show that any universal 
convolution product of moments of independent (non)-commutative random variables 
defined on a graded connected dual semi-group is given by a pro-unipotent group 
scheme. We show that moment-cumulant formulae have a natural interpretation within 
the theory of homogeneous Lie groups, which we generalise for the present purpose, 
and are given by the log and exp map, respectively. Finally, we briefly discuss the 
universal role of the shuffle Hopf algebra. 


1 Introduction 

D.-V. Voiculescu [37, 39, 40] in the 1980s, when he solved the one-dimensional addition 
and multiplication problem for free random variables introduced the R- and S-transform, 
based on Lie theoretic methods, in order to linearise the problems. He showed that in 
each case the space of distributions becomes an infinite-dimensional complex Lie group 
and [37] that the .R-transform for the additive convolution turns C n into a commutative 
algebraic group, given by homogeneous polynomials. However, these aspects of his work 
and understanding stayed rather in the background for a long time in free probability. 

Recently methods from Lie theory outside of his work have become important. M. Mastnak 
and A. Nica [26] in their pioneering study of Voiculescu’s S-transform, used Hopf alge¬ 
braic techniques and considered infinitesimal characters in order to linearise the boxed 
convolution, which they found possible in the one-dimensional case. 

K. Ebrahimi-Fard and F. Patras [8] in their work on the combinatorics of free cumulants 
became also aware of the relation moments and cumulants have with Lie groups and Lie 
algebras. 

Previously, F. Lehner [23] described moment-cumulant formulae in detail but only discov¬ 
ered presently [24], while doing explicit calculations, that the Baker-Campbell-Hausdorff 
(BCH) series appear in the formulae relating moments and cumulants. 

Again, independently, M. Schiirmann [33] communicated that he has found that the 
(BCH)-series appears in all probability theories and is finite. 

Our approach to free probability theory was originally driven by several key observations, 
motivated by J. McKay’s programmatic work on the Monster [27], and started to evolve 
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with [14, 15], where we established a link between Voiculescu’s [39] 5-transform and com¬ 
plex cobordism. This naturally involved Hopf algebras and formal group laws but also 
combinatorial models such as the necklace polynomials [15]. 

Subsequently, we showed [12, 17] that the language of affine group schemes and formal 
groups perfectly relates with the combinatorial foundations of free probability, as first 
discovered by R. Speicher [35] and then co-developed with A. Nica [30]. In particular, 
we clarified several open questions by using arguments from Lie theory [17]. So, e.g., 
we determined the “cumulants of the free cumulants” in order to prove that the boxed 
convolution cannot be linearised in dimensions strictly greater than one. A particularly 
important result of [17] is that the convolution groups arising in free probability are pro- 
unipotent, i.e., have pro-nilpotent Lie algebras. We continued our investigations of this 
beautiful subject and showed [13] that a generalised version of the theory of homogeneous 
Lie groups can be applied. 

The theory of real homogeneous Lie groups was originally conceived by E. Stein [36] and 
then further developed and extended in the monograph by A. Bonfiglioli, E. Lanconelli 
and F. Uguzzoni [5], which we use as our base reference on the subject. We show that 
its algebraic foundations are fully embeddable into the theory of formal groups over fields 
of characteristic zero. Curiously enough, we do not find this connection in the literature 
with formal groups as in, e.g. [18]. On the other hand, this link shows the possible scheme- 
theoretic significance homogeneous and Carnot groups themselves might have. 

In the present article we extend our previous algebro-geometric approach to the theory 
of non-commutative probability with its different notions of independence, by building on 
the foundational algebraic-probabilistic work of M. Schiirmann [32], A. Ben Ghorbal and 
M. Schiirmann [1, 2] and U. Franz [11], who categorified it later. A central role is played 
by co-groups [3, 4, 9, 38, 41], also called dual groups by D. Voiculescu [38] and H-algebras 
by J. Zhang [41]. 

Let us now give a brief description of the content of the paper. We start by introducing 
co-groups and free products and apply it to construct group representations for non- 
commutative algebras, parallel to the well known theory which involves commutative Hopf 
algebras. Then we discuss the fundamental notion of independence and universal products 
within the framework of quantum probability, also called non-commutative probability as 
it generalises classical probability. We then apply this theory to convolutions of moment 
series and establish several results. In particular we show how each probability theory 
gives rise to (smooth) formal groups and to commutative Hopf algebras which are not 
necessarily co-commutative. 

One remarkable result in this section is the “decomposition formula” for the multiplicative 
free convolution of moments, Theorem 3.10, which states that it is a linear superposition of 
the multiplicative boolean, monotone and anti-monotone convolutions plus mixed terms. 
In particular, this demonstrates the rich structure free independence has. 

In the next section we introduce homogeneous formal groups and show how to embed the 
theory of real homogeneous Lie groups into the theory of formal groups. We establish 
a general theorem which states that any finite-dimensional real homogeneous Lie group 
defines a smooth fc-group, where k is an extension field of the rational numbers, obtained 
by adjoining at most finitely many real numbers. We close this section by introducing the 
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general notion of a Carnot fe-group which might be considered as the algebraic-geometric 
version of a Carnot group. 

In the final part of the article we give a unified discussion of all known moment-cumulant 
formulae from the perspective of homogeneous Lie groups. We do this by first recalling the 
notion of the boxed convolution and the ^-transform in free probability and show that 
the respective formulas correspond to co-ordinate changes, given by the Baker-Campbell- 
Hausdorff series, which in our case are polynomial as a consequence of the underlying 
pro-unipotent group structure. One particular result is that cumulants are well-defined 
only up to a linear isomorphism given by an unipotent matrix, and taking “cumulants of 
cumulants” requires a “gauge choice” depending on the properties one wishes to preserve, 
e.g. such as probability measures. We show this in detail for the free additive and 
multiplicative convolution. 

We end this article by briefly recalling the universal role the shuffle Hopf algebra plays 
within the theory of unipotent group schemes and its relation with free nilpotent Lie 
algebras. 

Let us make the following remarks. We do not use the Schiirmann functor [[32] p. 348] 
or [[1] p. 539] in order to derive some of our statements for graded connected dual groups 
but prefer to work with the “raw data” instead. Theorem 5.5 is related to it but with a 
different emphasis and phrasing. 

Even though our results have immediate implications for non-commutative probability, 
and could be applied to other objects, e.g. quantum stochastic processes, we shall not 
pursue it further here. 

Finally, the Lie groups we are considering here are affine. If one would instead consider 
topologically non-trivial Lie groups whose points are moments, the notion of cumulants 
would only be local. 


1.1 Conventions 

Let fc be a field of characteristic zero. We denote by Alg;, the category of associative 
/c-algebras, by uAlg fc the category of unital fc-algebras and by cAlg^. the category of 
commutative unital fc-algebras. For R e cAlg /: we denote by Alg R . uAlg R and cAlg R the 
corresponding iLalgebras. For R an integral domain over k, we let R x be the multiplicative 
group of units, i.e. invertible elements of R. We let N = {0,1, 2,3,... } and N* := N\{0}. 

Although most statements we present hold for algebras over an integral domain R over 
(Q), most of the time we shall restrict ourselves to k. 


2 Co-groups 

General references for this section are [1, 2, 3, 4, 10, 11, 19, 21, 32, 38, 41]. 

Let us start with the following motivation. In [14, 15] we found a relation between free 
probability and complex cobordism. Now let us consider CW complexes X, Y for which 
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the Kiinneth theorem states, cf. e.g. [19], 

H n (X x Y ; k) = 0 Hi(X-k) <g> Hj(Y ; k) 

i+j=n 

which at the level of generating series yields 

PXxv(t ) = px(t)p Y (t). 

For independent, classical, random variables X, Y the moment formula states 

m n (X + Y)= 0 mi(X)<g>mj(Y) 

i-\-j=n 

which gives for the generating series 

Px+vit ) = px(t)p Y {t). 

The cartesian product x for topological spaces, plays the role of the sum + for “inde¬ 
pendent” random variables, and which in both cases permits to calculate the combined 
quantity out of the “marginal distributions”. 

The common task is to reconstruct the complete quantity from the marginal knowledge. 
The underlying concept is a notion of independence with respect to an “universal product”. 

The notion of a co-group (in a general category) appeared in 1962 in the work of B. 
Ecknrann and P. Hilton [9]. It was followed by I. Berstein [4], who used the term co-group. 
D. Voiculescu [38] introduced the notion of dual groups in his work on pro-C*-algebras 
and free independence. Again motivated by algebraic topology, J. Zhang [41], developed 
the theory of iL-algebras in general categories. In particular his theory extends concepts 
from affine group schemes, which rely on commutative Hopf algebras, to non-commutative 
algebras, i.e. the IL-algebras. The book on the subject, with additional references, is [3]. 

The importance of H-algebras and dual groups for algebraic probability theory was realised 
by M. Schiirmann [32] and then further developed with A. Ben Ghorbal [1, 2] in order to 
construct quantum Levy processes on dual groups. 

Definition 2.1. A category C which posseses an initial object K e Obj(C), and such 
that for any two objects A, B e Obj(C) the co-product A 11 B e Obj(C) exists, is called 

algebraic. 

In an algebraic category, for all A e C, there exists a unique morphism pa : A II A — * A, 
the multiplication, which satisfies fa a ° A = idyl = pa ° i 2 , and a unique homomorphism 
r]A ■ K —» A, called the unit. 

We have the canonical isomorphism la '■ X —> AliK(= KliA) with inverse la^P '■ AuK —> 
A, as shown below: 

A—^A HK^K 
A 

Let Aj, Bi e Obj(C), i = 1,2. For C-morphisms / : A\ —> A 2 and g : B\ —> B 2 we define 
/ u g := ( la 2 0 /) U (is 2 0 9) : M U A 2 — Bi U B 2 
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with la 2 and lb 2 the respective inclusion morphisms. For /i ,/2 e Home(A, B) we have, 
by universality, 

fi U /2 = HA ° (/l u f 2 ) : A U A -> B 

The canonical isomorphism ri 2 : A\ U A 2 —*► A 2 U A\ is given by 

A 2 UA 1 



A\ -► A \ u Ao -<- A 2 

Definition 2.2. Let C 6e an algebraic category. A co-group or FT-algebra in C is given 
by a quadruple (B, A,e, S), consisting of an object B e Obj(C) and three C-morphisms 
A : B —» BuB, the co-product, e : B — > K, the co-unit and S : B —> B, the antipode, 
which satisfy 


(idfiuA)oA = (AuidB)oA:B^Fu5LlIl 
(id u e) o A = ii, (e u id) o A = t 2 
/i o (S' u id) o A = tj o s — fi o (id u S) o A 

The triple (B, A,e) is called an Uo-algebra or dual semi-group. 


Further, in an algebraic category we have e o r\ = idx, as 



commutes. 

Definition 2.3. Let (B, A, e) be an Ho-algebra in C and f. g e Homc(-B, A). The convo¬ 
lution of f and g is given by 

f *9 ■= (f u d) 0 A = fio (/ u g) « A (1) 

As was shown, cf. [38, 41], (Home(.B, A), ★, o e) is a ★-multiplicative monoid with unit 
r] os. 

In the categories Alg fc and uAlg fc , the initial objects are {0}, which is also the terminal 
object in Alg fc , and k, respectively. Both are algebraic, with the co-product given by the 
free product of algebras and the amalgamated free product of unital algebras. 

Let 

00 

A 2 := U {ee{l,2}",ei Ae m ,zeN*} 

71=1 

be the set of alternating sequences in two letters of the form e = (ei,C 2 ,..., e n ). For 
A\,A 2 e Alg;. the free product is given, up to isomorphism, by 

A\ U A 2 = (J) A e = ((f) A ei ® • • • (x) A tn (2) 

egA2 eeA 2 
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with A e = A ei 0 ■ ■ ■ 0 A €n , and the multiplication by 


(ai ® • • • 0a m ) • (61 0 


1 b 'n ) ■ 


ai (x) • • • ® (a m ■ b\) 0 ■ ■ ■ 0 b n if e m = e' x 
ai ® • • • ® a m 0 b\ 0 ■ ■ ■ 0 b n if e m A e' v 


for a\ 0 ■ ■ ■ 0 a m £ A e and bi 0 ■ ■ ■ 0 b n e A e t with e, e' e A 2 . 

Let A := kl © ( A\ U A 2 ) denote unital k -algebra which one obtains by adjoining a unit 1. 
There is a natural extension of algebra morphisms defined on A\ U A 2 to the unital case. 


2.0.1 Amalgamated free product 

The free product in the category of unital algebras is the amalgamated free product. 
For A \, A 2 £ uAlg fc let 

J := - ^ 2 ( 1 ^ 2 )) ( 3 ) 

be the two-sided principal ideal in A\ U A 2 , generated by ^(l^) — i 2 (lA 2 )- The quotient 
space 

A x IT A 2 := {A 1 uA 2 )/J 

is an fc-algebra with unit 1 = [lqj = + J = [1a 2 ] = 1 A 2 + J- 

For A e uAlg fc we shall assume A to be augmented, i.e., there exists a direct sum 
decomposition 

A = k\y\ © A 

with Ida sub-algebra. Equivalently, there exists an unital algebra morphism e : A —* 
k, the augmentation map, with A = ker(e). For A\, A 2 £ uAlg fc we have 

A 1 iii A 2 = kl © (Ai u A 2 ) 


2.1 Power series and functors 

For s £ N* consider the alphabet [s] := {l,...,s} with its natural order. A word w 
is a finite sequence {i\ .. .i n ) of elements ij £ [s]. Let [s]* denote the set of all finite 
words, including the empty word 0. [s]* is countable and lexicographically ordered. Let 
[s]+ := [s]*\0, and for n £ N, let [s]* := {w £ [s]* | |u;| ^ n} and ([s]* ) n := {w £ 
[s]* 1 ^ |tc| ^ n}, respectively. 

The set [s]* is a monoid with the multiplication given by concatenation of words, i.e. 
(L • • • i n )(j 1 • • • jrn) := {h ■ ■ ■ inj 1 • • • jm), and unit 1, corresponding to the empty word 0. 
For n £ N*, the length |u;| of a word w = {i\ ■ ■ ■ i n ) is n and otherwise |0| = 0. 

For s > 2 and R e cRing^, let R((x 1 ,... ,x s }) be the set of formal power series in s 
non-commuting variables {aq, ... ,x s } with R-coefficients and R(x\, ...,aq) the subset of 
non-commutative polynomials. 

We denote by R((x\,... ,x s }) + the set of power series without constant term and by 
R((x t ,... ,x s ))i the power series with constant term 1. 

For i < j we let Xi < Xj and consider the induced lexical ordering on words. 
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To every word w = (i \... i n ) £ {1,... s} n , n e N*, corresponds a monomial 
x w ■= x h --- x in with ij e {1,..., s} for j = 1,... n, 
and to the empty word the unit, i.e. x@ := 1 f{. 

A generic power series / = f(x i,..., x s ) with ^-coefficients can be written as 

f {x 1 j • • • Xs) = | CX W X W , 

where a w or in ) denotes the coefficient of x w . Alternatively, we write f w for the 
coefficient of x w . 

For s ^ 2, i?((xi,..., x s )') is a non-commutative algebra with unit. We have the canonical 
isomorphisms: 

R((x i,...,x s )) = B.om R (R(xi,... ,x s ),R) = (R(xi,... ,x s ))* 
R(xi,...,x s ,yi,...,y s ) s R(x ±,..., x s ) Hi R(xi,..., x s ) 

In particular, i\{xi) + t 2 (xj) = x,{ + y ? ; and L\{xi)i 2 {xi) = Xiyi, for the embeddings l\ and 
i 2- 

For s e N*, i? 6 cAlg fc let 

(5 s (R) := {(ri ,... ,r s ,..., r w ,...) \ r^e R x ,i e [s],r w e R for |tc| ^ 2}, 

&%{R) := {(li,..., l s ,... ,r w ,...) I r w e R for |w| ^ 2}, 


2.1.1 Non-commutative rings 

For A e uAlg fc and s e N*, let a,be A s , i.e. a = ( 01 ,..., a s ), b = (b \,..., b s ). We define 
a + b:= (01 + bi ,..., a s + b s ) and a -n b := (ai&i,..., a s b s ). Then (A s , +, 0) is an abelian 
group with unit 0 = (0,..., 0) and (A s , -h, 1) a generally non-commutative multiplicative 
monoid with unit .L = (1,..., 1). 

We shall represent (A s ,+) and (A s ,-h) for general A e uAlg;.. as convolution (semi) 
groups. We use the analog of primitive elements first. 

Proposition 2.1 ([32]). k(x) a := {k(x \,..., x s ), A a , e a , S a ) is a co-group if we define for 
all i e [s] : 


A a (Xi) := Ll{xi) + b 2 {,Xi) 

£ a {xi) := 0 

S a (Xi) ■■= -Xi 

and A a (l) := l R , e a (l) := l R and S a (l) := 1. 

Let us give the iLo-algebra which represents (A s , -h,1). We note that it is related to [32], 
Example 2); indeed we could consider formal Laurent series. This is the analog of group¬ 
like elements. 
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Proposition 2.2. k(x) m := (k(x i,..., x s ), A m ,e m ) is an unital H^-algebra if we define 
for all i £ [s]: 

A m (xj) := ti(xi)t 2 (a;i) (4) 

£m{ x i) ■ = 

and A m (l) := 1 R and e m (l) = 1 r. 

Proof. For a word w = x h ... x in we have A m (w) = A{x h ) ■ ■ ■ A{x in ) = x tl y n ... x in y in . 
(e u id) o A m (xi) = (e u id)(ti(xj)t 2 (^)) = (e u id)(ii(x,) (e u id)(/, 2 (xj) = Xi 

\ __ j K _ _> 

V--V- 

= 1 =Xi 

(id ue) o A m (xi) = (id ue){bi{xi)b 2 {xi)) = (id ue)(ii(xj) (id u e){b 2 {xi) = x t 

v y v j 


For aei s we define the unital algebra morphism j fA : k(x i, ..., x n ) —■► A, X{ >-> aj. 

Proposition 2.3. For H e uAlg fc , t/ie following isomorphisms hold for the convolution 
(semi)-groups 

(-4 s ,+,0) = Hom uA i g)i (k(x) a , A) and (AVh,I) = Hom uA ] gfc {k(x) m , A). 

The unital algebra morphisms 


ja+b{ X i i = («u +k i ) • • • (din + K) 

ja-nb( x ii ■ ■ ■ x in) = a hbii ' ' ' a i n bi n 


are representable as 


ja+b ja U jb° 

ja-ub = ja U jb 0 


Proof. 

ja+b( x ii x i 2 ■ ■ 

■ X X n ) 

= («ii + &il)(Oj 2 +bi 2 ) ... {di n + bi n ) 


(. jaUjb) ° A a {.X h Xi 2 . 

■■ X in) 

= {ja 11 jb) (U ( x i 1 ) + l 2 {x h )) ■ ■ ■ {ja U j b ) (ii {x in ) 

+ L2{Xin)) 

ja-Hb{ x il x i 2 • • 

' X X n ) 

= (Oil bi 1 ) (aj 2 bi 2 ) . . . {din bin ) 


{jaUjb) 0 A miXnXiz . 

■■Xin) 

= ja Ujb{L 1 {x il )b{x i 1 )) • ■ ■ j a Ujb{il{Xi n )L 2 {x L n)) 
= jaUjb{bl{xi 1 ))jaUj b {i 2 {x il )) ■ ■ ■ jaUj b {b 1 {x in 

))j a Uj b {i 2 (xi n )) 


□ 


3 Universal products and quantum probability 


Here we recall basic facts but also extend some of the previous results from [1, 2, 11, 21, 32]. 








3.1 Universal products 

Definition 3.1 ([1, 2, 34]). Let Ai e Alg^, pi e Honifc(A,;, k), i e {1,2, 3}. The universal 
product of k-linear functionals is a map 

• : Homfc(j4i, k) x Homfc(j42, k) —> Hom^Ai U A 2 , fc), 


which satisfies: 

UP 1 (p\ • 992) • 993 = p\ • (</?2 • 993), (associative) 

UP 2 (<£>1 • (/? 2 ) o ii = 991 and (pi • 992) 0 ^2 = 9?2, 

UP 3 for ji e Hom A i gfc (Q, Af), i = 1,2, (</?i o ji) • (992 ° j 2 ) = (921 • P 2 ) ° (ji u j 2 ) : 
CiUC 2 — k. 


There exist five different universal products which satisfy the above requirements, as shown 
by R. Speicher [34] and N. Muraki [29], namely the tensor (T), free (F), boolean (B), 
monotone (M) and anti-monotone (aM) product. Subsequently, A. Ben Ghorbal and 
M. Schiirmann [1, 2] classified them. 

The universal product is commutative if 


Pi • P2 = (p2 • (fl) 0 T12, 


(5) 


where T 12 is the canonical isomorphism previously introduced. Equivalently we have the 
commutative diagram 


Ai u A 2 -s- k 


A 2 u Ai 



The tensor, free and boolean product are commutative cf. [34, 1], 

We shall be also interested in the situation where Ai = A 2 , and therefore both p\ and 992 
are defined on A\ and A 2 . Then pi • p 2 ,p 2 • pi e Honifc(Ai U A 2 , k) but p\ • p 2 A P 2 • Pi 
as maps A\ U A 2 —» k even though they commute in the sense of (5). 

For A\ , A 2 e Alg fc , e = (ei, ..., e m ) e A 2 , we use the abbreviated notation 0102 • • • a m := 
ai ® a 2 ® • • • (x) a m e A\ U A 2 , cf. (2). For a subset / c {1,2,..., m}, we denote by ai 
the algebra product of the ai, taken in the same order as they occur in 0102 ■ • • a m . E.g. 
for m = 5 and I = (2,3,5) we have Wiei a i = 02 ^ 3^5 and Y\i$i a * = a i a 4 - We note that 
contractions might occur, namely if two consecutive elements are from the same algebra. 


Definition 3.2 ([34, 29]). For k-linear functionals f e A*, g e AT^, the tensor *x, free 
•f, boolean *b, monotone *m? and anti-monotone product * a M, are given in co-ordinates, 
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recursively in the free case, by 


f *t g{aia2 ■ ■ ■ am) 
f *F g(aia 2 ■ ■ ■ a m ) 


with /*f 9 []aj 
\iE0 / 


f (n ai ) g (n* 

\«;ei=l / \i;£i =2 


/£{!,. ~,m} 


/•fs n* fkm 

\ iel ) if I 


:= 1, ip ei := f, €i = 1, ip ti : = g, e* = 2, recursively 


f *B </( a i a 2 • • • a m ) = 
and the two discovered by N. Muraki: 


n (n ^ 

i;e»=l / \i;ei=2 


/ •m g{a\a2 ...am) = / ( E[ a * ) E[ 5( a i) 

\«;ei=l / i;ei=2 

/ *aM 5(aia 2 • • • a m ) = E[ /(a,) 5 El 0 * 

%\€i = \ \i'^€i =t 2 / 


Let us give the following instructive example. We have 

/ *M g{x 1 y 1 X2V2) = f{xiX2)g{yi)g{y2) ¥= f(xi)f(x 2 )g{yiy2), 

in general, i.e. the monotone product is not commutative and similarly for the anti¬ 
monotone product in both senses. 

For k- vector spaces V, W let W cz V and / : V —* k be a linear functional. Then / induces 
on the quotient space V/W, a well-defined linear functional [/] if and only if f\\y = 0. 

It was shown, cf. [1] that for tensor and free independence the universal product vanishes 
on the ideal J, cf. (3), and hence gives rise to a well-defined linear functional on the 
amalgamated free product. However, this is not true for boolean, monotone and anti- 
monotone independence, as e.g. f »b g(x(l x ~ 1 y )x) = f(xx) — f(x ) 2 ¥= 0 in general. 

Let us note, that in the category Algj,, we have e = 0 for any ILo-algebra. 

Definition 3.3. Let (B, A,e) be an Ho-algebra in C, where C is Alg fc or uAlg fc , K = 0 
or = k, respectively, and • an universal product. The ^-labelled convolution is the map 

★. : Homc(-B,fc) x Homc(H,fc) —> Horn c{B,k) 

which for 01,02 £ Home (B, k ) is given by 


01 *. 02 '■= {01 • 02 ) O A : B —> k. 

The following is an extension of [32] and [1, 2] where the original statement was for dual 
semi-groups in Alg^.. 
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Proposition 3.1. Let (R,A,0) be an H^-algebra in Alg^.. (Hom^R, k), 0) is an 

associative, *. -multiplicative monoid with unit 0. 

If (B, A,e) is an H^-algebra in uAlg^ then (Hom^i (B,k),*,,s) is an associative 
multiplicative monoid with unit e for tensor and free independence. 

For the monotone and anti-monotone product, e is the right, respectively, left neutral 
element. 

Let us give a detailed proof for the unit. 

Proof. Recall from Section 2 the identities e o rj o e = e, (id^LJr/) o la = idA and la 0 
(id^i LJ 77 ) = idyiuK (note that we use A instead of B). 

Then, cf. the commutative diagram below, we have: 

/*. £ = (/ • e) o A = ((/ o kU o idyi) • (e o 77 o e)) o A 

=UP3 (/ • £) ° (id^ ury) o (idA ue) o A 
= (/•£■) o (Ma u rj) ol 1 = (f •s)ol 1 = UP2 / 



□ 


3.2 Independence and moment series 

We introduce now the central notion of “independence”. A categorification was given by 
U. Franz [11], which we shall currently not use. 

Definition 3 . 4 . A non-commutative ^-probability space is given by a pair (A , <ft) 
with A e uAlg fc and e Horn*, 1 (A, k), i.e. <f(\ a) = 1 k- An element a e A is called a 

non-commutative random variable. 

Definition 3 . 5 . Let (A, </>) be a non-commutative k-probability space and B\,... ,B n e 
uAlg fc . A family ji ,..., j n of (unital) algebra morphisms ji : Bi — > A, is independent 
with respect to fixed universal product •. if 

<t> 0 (ji Ui ■ ■ ■ Ui jn) = (</> ° ji) • • • • • (<f> o jn) : Bi Ui • • ■ Hi B n -> k ( 6 ) 


holds. 
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Let us introduce the sequence (m n ) ne pj of moment forms. These are ^-multilinear n- 
forms, given by mo(l) := 1, and 

m n : A® n —> k, m n (a\ ® • ■ ■ (x) a n ) := 4>( a i ''' a n), neN*. 

For a = (ai,..., a s ) e the joint moment series M a is the formal power series 

M ai ,...,a 3 (x i, • • • ,x s ) := 2 j Yj m ™( a u ■ ■ ■ x in 

neN 

in the non-commuting variables x\,... ,x s , cf. [30]. 

In what follows next we shall be mainly interested in the additive and multiplicative 
convolution of moment series. We recall that k((x i,..., x s )} = (k{x i,..., x s ))*. 

For f,g e k((x i,■ ■., x s ))i we define the "-labelled convolutions for the co-products A a 
and A m , respectively: 

/V9 := (/•£?) 0 A a , 

/ *»,m 9 ■= (/ • a) °A m . 

For the free case we introduce the following specific notations: 

Ely := (— *f —) o A a , := (— *f —) ° A m . (7) 

For a word w = x^ ... Xi m let w := y tl ... yi m be the “conjugate” word and define the 
following operations on words: 

ww := (x h + y h ) ■ ■ ■ (x irn + y im ) = w + w + mixed terms, 
w-uw := x h y h ... x im y irn . 

We have ww = ww, i.e. ww is symmetric with respect to Xi <-> y%. 

This can be shown by induction. For u = x + y we have u = u. Let us assume that 
ww = ww. Then wwu = wwx + wwy = wwx + wwy = wwu. 

For a word u in the sum ww, abbreviated as u e ww, let u\x and u\y denote the sub-word 
consisting of Xi and y* only. 

Every word u e [aq,..., x s , yi,..., y s ]* can be written as an alternating sequence of Xi~ 
or yj-sub-words, i.e. u = viV 2 --.V£ with either Vi e [xi,..., or V{ e [yi,..., y s ]* , 
1 ^ l ^ |u|. 

For I c: {1,..., m} and u = v\ ■ ■ ■ v m , we define, analogously as previously, the restriction 
to / as u\I := Vi x ■ ■ ■ with ij e I. 

Let X W ,Y W be commuting variables indexed by w e [s]* , and set X := (A w ,) w6 [ s ]* and 
Y := We assign to X w and Y w the homogeneous degree deg(A^) := deg(io). 

To start with, we shall assume, deg (w) = |u;|, i.e. deg(x,) = 1, for all i e [s]. 

Proposition 3.2. For tensor and, boolean independence, G, a := (fc((xi,..., x s ))+, *, a , 0) 
is an abelian group with unit 0. G, a is given by a commutative, \w\-homogeneous polyno¬ 
mial group law F, a (X,Y), with 

F., a (f,g)w = ( f*g)w 
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for f,ge G, a , and 


Ft,CI,(X,Y^ w X w + Y w + X u \x ' Y u \y 

UEWW_ 

U^W,W 

fbax,y) w = x w +y w + y (n^)-(n^) 

UEWW_ Ve^U V €i dU 

u^w,w i tU= 1 j,e i= 2 

Proposition 3.3. For monotone and anti-monotone independence, G, a is a non-abelian 
group and it is given by a polynomial group law F, a (X,Y ) which is \w\-homogeneous. 

F u>a (X,Y) w = X w + Y w + Yj V(n^) 

UEWW_ dU 

u^w,w i,£i=2 

^aM ,a(X,Y = X w + Y w + z <n 

UEWW_ V €i dU 
Uj=W,W i )£i = l 


Proof of Proposition 3.2. For w = (x Zl ... Xi m ) we have 

A a (w) = A a (x h )---A a (x im ) = (x h + y im ) ■ ■ ■ (x irn + y im ) 

= x h ... x im + y tl ... y im + {mixed words in x t and yj} 

= ww 

which as a whole is symmetric in Xi and y*. Further, for every summand u e ww we have 
deg(u) = |rc| = m. 

Associativity of the convolution (f*», a 9) *»,a h = f*». a {9*»a h) implies associativity of the 
corresponding formal group law F(F(X,Y), Z) = F(X,F(Y,Z)). As the neutral element 
is 0 for *. i0 it gives F(X, 0) = X = F(0,X). 

The existence of the inverse follows from the properties of a formal group law, cf. e.g. [18]. 

The expressions for F, a {X,Y) w follow directly from Definition 3.2. The symmetry in the 
commuting variables X and Y follows from ww = ww. □ 

Proof of Proposition 3. 3. The demonstration for the group laws is analogous to the pre¬ 
vious one. The non-commutativity follows from considering e.g. w = x^x^x^ and the 
fact that the terms Xi ll:i Y l2 and X l2 Yi 1 Y l:i break the Xi <-> yj symmetry. □ 

Proposition 3.4. (k((xi, ..., x s ))+,EBy, 0) is an abelian group. The commutative group 
law 

F Fja (X,Y) w = X w + Y w + Y (/*FJ)(«) 

UEWW_ 

U^W,W 

is given by homogeneous polynomials of degree |w;|. 

Proof. We proceed by induction over the length of the alternating sequence. Let u n : = 
viv 2 ■ ■ ■ v n , with deg(u n ) = deg(ui) + deg(u 2 ) -I-h deg(u n ). 
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For U4 = viV2VzVi we have 

/ *F g{y 1 V 2 VzV4) = fvivs9v29v4 T fv 1 fv$9v2V4 fv\ fvj 9 v2 9v4 

and each summand is homogeneous of degree deg (7/4) = deg(ui) + • • • + deg^). 

For n —> n + 1, let u n+ 1 = viv 2 ■ ■ ■ v n v n+ i and I c {1,..., n, n + 1} with |/| = n. The 
maximal expressions, i.e. without any contractions, are v\v 2 ■ ■ ■ v n and v 2 v^ ... v n+ \. For 
these we have 

deg (/ * F g{v 1V 2 ...V n ) ip en+1 (u n+ i)) = deg(u n+ i) 

V ---^-V-' 

=deg(i)i)+-+deg(?j„) =deg(i;„ + i) 

where ip €n+1 = /, for e n+ i = 1, and (p €n+1 = g, for e n+ i = 2, and similarly for deg((/ « F 
g)(v 2 V3... v n+ i)(p ei (vi)) = deg(xx n+ i). For the other subsets I with |/| ^ n and which 
give non-maximal expressions, we have by the induction hypothesis, 

deg(/ *f g(u n+ 1 1 1) ]^[ ip u (vi)) = 2 deg(fj) + deg(^) = deg(u n+ i) 

i$I iel i$I 

Commutativity can be shown again by induction. 

Finally, the existence of the inverse follows again from the definition of a formal group. □ 


3.2.1 Multiplicative convolution of independent moments 

We recall that e m = i := (1,1,1,...), cf. (4). and we use w = (x^ ... Xi m ). 

Proposition 3.5. {R((x\, ..., x s ))i, *T,m> £ m ) is an abelian monoid with unit e m and 
component-wise multiplication, i.e. 

(/ *T ,m g)w = fw ' 9w 


Proof. The statement follows directly from / * T , m g(w) = f • t g(xhyh ■ ■ ■ Xi m y im ) = 

fw ' 9w■ I—I 

Proposition 3.6. (R(fx\,... , £c s ))i, o, 1) with o = *m ,m or = * a M ,m, is a non-commutative 
semi-group (magma) with right, respectively left unit 1. The o-multiplication is given 
component-wise, i.e. 

(/ *M ,m g)w = fw ■ 9ii ■ ■ ■ 9i m , 

(/ *aM,m g)w = fii ‘ ' ' fim ' 9w- 


We consider now the multiplicative convolution of moments in the case of free indepen¬ 
dence. The following identities, which one obtains by applying the recursive definition, 
will be useful later: 


f *f gixi^yi^x^y^Xis) 
f *f g{xi 1 yi 1 Xi 2 yi2Xi 3 yi 3 ') 


f 111213 9il 9l2 T f 1113 f 12 9il12 /*i*3 f i29il 9i2 

f 111213 9ii 9i2 9i3 T fiif 12 fi39ili2i3 T fili3 f i- 2 Oil 12 9is 
fili3fl29il9l29i3 + fil !2 fl39il 5*2*3 fil fi 2 fi39il 5*2*3 
filfi2i 3 9ii9i29i3 fiifi2fi39ili29i 3 fiii2fi 3 9ii9i29i3 
T/ii/*2*35*1*3 9i2 — fiifi2fi39hi39i2 T 2/i 1 /j 2 /j 3 5i 1 fl , i2 5i3 


( 8 ) 

(9) 
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Proposition 3.7. (k(fxi,... ,^))i,0y,I) is a multiplicative monoid. For s = 1, it is 
abelian and for s ^ 2, in general, non-abelian. 

Proof. The monoid structure is a direct consequence of Proposition 3.1. Equation (9) is 
not symmetric with respect to generic choices of / and g. Consider the word aba and let 
fa = fb = 9a = Sb = 1 and g aa A g a b A 9ba- 

Commutativity for s = 1 is shown by induction. □ 

The generalisation of D. Voiculescu’s results [37, 39] for moments to higher dimensions is 
given by 

Proposition 3.8. (0 s (fe),[x]y, 1) is multiplicative group. The group law is given by uni¬ 
versal polynomials Q W (X,Y) with integer coefficients and which satisfy: 


• Q x .(X,Y) = XiYi, forie[s], 

• Q W (X,Y ) is homogenous of degree |ic| in both the X- and Y-variables. 

• Q W (X, Y) = X w Y h ••• Yi m + X h ■■■X im Y w + Q W (X U ,Y V : |/u|, |u| < \w\) for |u;| ^ 2. 

The inverse f^ 1 of f, with respect to [x]y, is recursively given by 

fw 1 = /q 1 ' ' ' (l - fwf^ 1 ■ ■ ■ ~ QwifuJy \ M, M < |w|)) • (10) 

The first two expressions for the inverse (10) are 

fi\il 

filfi 2 



f-1 


f. 1 
'* 1*2 


1 

li 

1 


fii fi: 


Proof. We have to unwind the recursive definition of the universal free product. 

In every step we have words w -h w = ... Xi rn yi m of length 2m as input. 

For the value of the index I = m, the expression splits into w and w such that we obtain 
f»F9(w) n?=i 9(Vij) = fw YYjU Sij and symmetrically f» F g(w) Hj=i /( x '*,) = 9w YYjh fa 
by using the universal property UP2 in Definition 3.1. 

As the unit is 1, the number v of f w ’s or g w } s in the sum has to be odd with alternating 
signs. 

We show that v = 1. 

Let us assume that v ^ 3. There is no term of the form f w Qi i k 9... so every term which 
contains f w has to be equal to f w g q • ■ ■ g% m . Namely, in order to have a gi t i k , because 
of the alternation of x- and y-variables, one of the Xi j has to be left out, but this is not 
compatible with the requirement of having f w , i.e. to use all the x tj . Therefore in the 
alternating sum just one term remains. 

Hence Q w (f u , ff 1 , M < |rc|) contains no terms of the form f w 9iji k 9... and so the recursive 
procedure to solve for g w is well-defined. □ 
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Proposition 3.9. For f,ge R(fx i,... ,x s ))i we have: 

{f 0V g)w = fw9i\ ' ' ' 9i\ w \ T fii ■ ■ ■ fi\ w \9w + ( — 1) I C^-il -/jj ■ ■ ■ fi^ w ^9ii ' ' ' 9i\ w \ 

+ {mixed terms in f u and g v with 2 ^ |u| < |u>| or 2 ^ |w| < |to|}, 

where Ci^i is the \w\th Catalan number. 

Proof. This a consequence of Theorem 3.8 and Proposition 5.14. □ 

The following formula gives a decomposition of the multiplicative free convolution and 
shows that it is a linear superposition of the multiplicative Boolean, monotone and anti- 
monotone convolutions plus mixed terms. 

Theorem 3.10. The multiplicative free convolution of moments has the following canon¬ 
ical decomposition: 

(/ 01/ 9)w = {f *M ,m g)w T {f *aM,m 9)w T ( 1) ^ •(/ *B,m g)w 

+ {mixed terms in f u and g v with 2 ^ |u| < |rc| or 2 |u| < |rc|}, 

where C| w | is the \w\th Catalan number. 

4 Homogeneous formal groups 

We start with the outline of a generalisation of the theory of real homogenous Lie groups 
[5, 36]. We show that it naturally embeds into the theory of unipotent affine group schemes 
and formal groups. For simplicity, we restrict ourselves to homogeneous Lie groups with 
integer weights and fields of characteristic zero. 

The fundamental fact underlying this section is Lazard’s Theorem [22], which states 
that an affine algebraic group is (pro)-unipotent. Dually, a connected (pro)-unipotent 
algebraic group is an affine variety. 

References for this section are [5, 6 , 7, 18, 28, 36]. 

Let k be a field of characteristic zero, R e cAlg fc a commutative /c-algebra and N e N* 
a fixed positive integer. We use X = (Xi,... ,Xn) and Y = (Yf,..., Yjv) as sets of 
commuting variables. 

Definition 4.1. Let G := G{R) := (R N , o) have the structure of a (Lie) group. The 
group G(R) is called a homogeneous (Lie) group of integer weight, if it satisfies the 
following conditions: 

• there exists an N-tuple of positive integers a = ( 01 ,.. 
such that 

• every scaling operator 5\<r : R N —* R N , A e i?\{0}, 

S X a(X 1 ,...,X N ) := (A 01 Ad,..., 
defines an automorphism of G. 


. , u/v) with 1 ^ oi < • • • < a n , 

given by 
\" N X N ), 
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We denote by (R N ,o, 5\a) a homogenous (Lie) group, as defined above. 

Proposition 4.1. The family of scalings {(5a ct }a#o defines a commutative monoid of au¬ 
tomorphisms of G(R), i.e. for all X,Y e R N we have 5 \<t(X o7) = {5\<rX) o (5\aY), 
5\* o 5\" = (5aj -aj and 5\ R as the identity. 

The statements in [[5], Chapter 1.3], can naturally be embedded into the theory of formal 
groups. 

Theorem 4.2. Every homogeneous (Lie) group structure (o, S\o ) on R N is given by a 
formal group law F(X,Y) = (Fi(X,Y),..., Fn(X,Y)) over R, which satisfies 

1. Fj(X, Y) e R[X, Y], for j = 1,..., N, i.e. it is polynomial, 

2. Fj ( X , Y) = Xj + Yj + Qj (Xi,..., X^,Y\,..., Y^) where Qj is a polynomial func¬ 
tion containing only mixed X- and Y-monomials; and the maximal possible index 
l(j) satisfies i(j) j - 1 and a ^ < aj, for j = 2,... , N. 

3. Fj is 5 \<t- homogeneous of deqree Oj, i.e. Fj(5\^(X),5\^(Y)) = \ a iFj(X,Y), and 
therefore Qj(5x°X,5 x <rY) = X a ^Q j (X, Y), for all A * 0. 

4- The Lie algebra L(F) corresponding to the group law F(X,Y ) is nilpotent of step 
A cr N . 

For a = (ai,..., ajv) £ set |a| CT := (a, a) := aucri + ■ • • + a/v<Fv and assign Xj the 
homogeneous degree \Xj\ a := o 3 . A monomial X a = Xf 1 ■ ■ ■ X^ N has cr-homogeneous 
degree |X a | CT = \a\ c . 

Let Aq(R) := R and A n (R ) := span^jX 0 : a e with |a|o- = n}, and for the empty 
condition we set A n (R) := {0}. 

Then R[X i,..., X^] = © neN A n and A, ■ Aj c A i+j . 

On generators Xj the co-product A is given by the formal group law 

A (Xj) := Xj 0 1 + 1 <g> Xj + Qj(Xi (x) 1,, X e(j) <g> 1,1 <g> Xi,..., 1 <g> X e(j) ). (11) 

Then A (Xj) c: ®°L 0 Aj 0 A aj -i and A (A n ) c ®” =0 Aj 0 A n _j hold. 

This defines the structure of a graded connected commutative bialgebra, and hence of a 
commutative Hopf algebra with the antipode given recursively, cf. e.g. [25]. 

Theorem 4.3. Let G(R) = (R© o, d\<r) be a real homogeneous Lie group. The group 
G(M.)is representable by a graded connected Hopf algebra k[Xi,...,X^], where k : = 
Q(«i,..., a n ), aj e R ? is afield extension of Q, and with the co-product given by (11), 

i.e. 

Spec(jfc[X 1 ,...,Xj V ])(R) = G(R). 

The extension field Q(«i,..., a n ) depends on finitely many real coefficients of G(R). The 
associated smooth group scheme is unipotent. 

Remark 4.4. The above is an alternative proof for real homogeneous Lie groups being 
nilpotent. In the present context, the coefficients are all integer and so nothing has to be 
adjoint. 
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For the theory of hypo-elliptic operators and sub-Riemannian geometry, cf. e.g [5], Carnot 
groups are of special importance. 

Definition 4.2. An n-step Carnot group G is a simply connected Lie group whose Lie 
algebra 0 has an n-step stratification, i.e. 0 = V\ ® • • • ® V n such that [V\ , Vj] = Vj+ 1 
for 1 sS j n - 1, and [Vi, V n ] = {0}. 

Definition 4.3. We call a smooth formal group homogeneous if its co-multiplication is 
homogeneous with integer weights. We call it Carnot if the Lie algebra of the associated 
formal group law can be stratified. 

The following strict inclusions hold: Carnot cr homogeneous c: unipotent. 

The notion of pro-homogeneous formal groups naturally exists, i.e. the projective limits 
of homogeneous formal groups, as in every finite degree the operations are polynomial. 


5 Moment-Cumulant formulae 

5.1 Boxed convolution and the ^-transform 

A. Nica and R. Speicher [30] introduced the n-dimensional “boxed” convolution and the 
7*l-transform, which uses multi-dimensional free cumulants, and which constitutes an 
extension of R. Speicher’s [35] previous foundational work. We briefly recall here both 
concepts in a slightly generalised form. The standard reference for the subject is the 
book [30]. 

Let R e cAlg fc , s e N and w e [s]*. The projection X w onto the rcth component is 
defined by 

X w . R(fx i,..., x s )) > R , f i > A u ,(/) .= a w , 

which R-linearly assigns to a power series / its rcth coefficient a w . Let ir = (Vi,..., V r ) e 
NC(ra) be a non-crossing partition, composed of r ^ 1 blocks, with Vj = (vi,... ,v m ) V [n] 
and ordered as 1 ^ v\ < ■ ■ ■ < v m ^ n. The Kreweras complement [20] of n is denoted 
K(tt). For a word w = {i\... i n ) the restriction of w onto Vj, is given by 

w\Vj := (h ...i n )\Vj := {i vi ... i Vrn ) e {1,..., s} m . 

Definition 5.1. Let f e R(fx i,... ,x s }) + , w e [s]* and it e NC(n), both as above. There 
exists an operator X w ^ : R(fxi ,..., x s ))+ —> R, given by 

x w ,M)'-= YlXwwU), 

Vjen 

with X w \y as in (5.1), and the product taken in R. with respect to -R. The comple¬ 
mentary operator X w ^(n) obtained by replacing the non-crossing partition n by its 
Kreweras complement K(ir). 

Definition 5.2. Let Re cAlg fc . The boxed convolution 0, is a binary operation 

R((xi,... ,x s )) + x R((xi,... ,x s )) + R((x i,...,x s »+, 

if,g) ^ fMg, 
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which for every word w = (i±,... ,i n ) and n e N* satisfies: 

X w (f\x\g)= X Wt7T {f) ■ R X WtK ^)(jg). 

7tgNC(M) 

The following result is due to A. Nica and R. Speicher. 

Proposition 5.1 ([30]). (f& s (R), 0), !©«(/?) is a group with neutral element 1 0S ( R ) = 
1rX\ + • • • + For s = 1 it is abelian and for s ^ 2 non-abelian. 

Let us use the notation (l s , 0) := (1,... , 1,0,0,0,...) = 1 0S ( R ). 

SXlfl 

The Moebius series Moeb, is the 0-inverse of the constant series Zeta := 1, and therefore 
it satisfies 

Zeta0Moeb = (I s ,0) = Moeb 0 Zeta. (12) 

Its combinatorial meaning is fundamental in the approach to free probability as developed 
by A. Nica and R. Speicher, cf. [[30], p.280]. 

Definition 5.3. For f e R(fix i,..., x s )) and w e [s]* , we call 

K w {f)'■= (/0Moeb)™ (13) 

the \w\th free cumulant of f, and the formal power series 

TZ(f) := / 0 Moeb (14) 


the 7£-transform of f. 

Remark 5.2. The above definitions basically encode the fundamental moment-cumulant 
formulae in the combinatorial approach to free probability, cf. [30]. 

5.2 Co-ordinate changes and Baker-Campbell-Hausdorff 

Within the theory of (pro)-unipotent group schemes, the known moment-cumulant for¬ 
mulae, related to the different notions of independence, find a natural explanation. In fact, 
they are direct consequences of the Baker-Campbell-Hausdorff- formula (BCH). 

In [17] we introduced the point of view that moments and cumulants are different co¬ 
ordinates on the groups related to free convolution. 

The Baker-Campbell-Hausdorff (BCH) series defines a group law o^ch on the Lie 
algebra g, which for nilpotent Lie groups is polynomial, cf. [5, 6 , 28] 

X °bch Y = X + Y + \[X,Y\ + ±([X, [X,F] 0 ] 0 + \Y. [Y,X] B ] B ) + ■■■ X,Y e g. 

For homogeneous Lie groups on G := (R N , o, 0) we use for the Lie algebra g the Jacobian 
basis, cf. [5]. 
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For x £ G, let L x := x o y be the left-translation by x and Jl x {o) := - L ^ y ' ) (a) the Jacobi- 
matrix at a. The Jacobian basis J g of g is given by the columns of the Jacobian matrix 
of L x at the origin, i.e. 

Jq := 


Then according to [[5], pp. 53-55], the diagram below commutes 


(k N ,o, 5 \) 

log 

'' 

(fli [ i ]<sa) 

Jacobian basis bch 



(k N , o B CH, <^a) 

Jacobi 

co-ordinates 


where LOG := BCH o log is an isomorphism of homogeneous Lie groups. 


5.2.1 Additive case 

Let N := N(s,n ) := #([s]+)n be the number of words w £ [s]* with 1 ^ |u>| ^ n. 

Theorem 5.3. The abelian groups (k N , *,, a , 0), induced by tensor, free and boolean in¬ 
dependence, are homogeneous of degree a w = deg (w). Each of them is isomorphic to the 
additive group (k N ,+, 0). 

The group isomorphisms (k N , *T,a, 0) = (k N , Ely, 0) = (k N , *B.a, 0), are given by EXP ja o LOGj ia , 
i,j £ {T, F,B} which are homogeneous polynomials of degree deg(u;) ; as shown in the com¬ 
mutative diagram below 



(k N ,+, 0) 


Remark 5.4. In the case of monotone and anti-monotone additive independence there is 
no such isomorphism to the additive group, as they are not commutative. 

Let us now assign to Xi e [s]* the homogeneous degree deg(xj) := i. Then k(x i, ... ,xf) 
becomes an N-graded connected /c-algebra. 

The N-graded dual group, cf. also [23], is given by a co-product A h which is homogeneous 
of degree 0 and a co-unit with £h(xi) = 0 for i £ [s] and £/ l ( 1) = 1. In particular we 
have A/j(l) = 1 and 


A h (xi) = Xi + yi+ ^ 

deg (uj)=i 


Oi-u .■ ^ 


'3i 


Otit 


£ k. 


The corresponding ^-labelled convolution, indexed by h, is 

*»,h ■= (- • -) 0 
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Theorem 5.5. Let {k(x i,... ,x s } + , Ah,0) be an N -graded dual group. For each universal 
product, (k(fxi ,..., x s )) + , *, t h, 0) is a homogeneous affine algebraic group, i.e. a pro- 
unipotent group. The corresponding formal group law F, t h(X,Y), 

Fm,h{X, Y^ w = X w + Y w + (X u , Y v , |u|, \v\ < |ir|) 

is given by homogeneous polynomials of weight a w = deg (w). 

For tensor, free and boolean independence it is commutative and isomorphic to the additive 
group (/c N , + , 0). 

Remark 5.6. The group laws can concretely be written down, as previously, however we 
shall omit it here. 

Proof. For w = x^ ... Xi m we have 

A h (w) = A(x il ) ■ ■ ■ A(x im ) 

= (xii +y h + ol Uvi u V i ) ■ ■ ■ {x im +y im + Yj 

\u Vl \=h 1^1/2 l = ^ m 

= W + UJ +Y /3yjU) 

with /3yj e k and deg (w) = deg(te), i.e. it is homogeneous of degree i\ + ■ ■ ■ + i m . 

From this expression we obtain, analogously as in Propositions 3.2,3.3 and 3.4, the explicit 
form of the group laws and the rest of the statements. □ 

Definition 5.4. For f e (k N , 0), we [s]* , the •^-cumulants, K, h , are given by 

K. h (f) w :=LOG. h (f) w . (15) 

Remark 5.7. The map LOG requires the choice of co-ordinates on the Lie algebra, for 
which we shall use the Jacobian basis. 

We are not restricted to finite N but can take the projective limit, which corresponds 
to having k N instead. In fact, this follows from the properties which the exponential and 
logarithm maps have for homogeneous Lie groups, cf. [[5], p. 50]. This also gives the 
following general characterisation of •/ l -cumulants: 

Theorem 5.8. 1. (Additivity) For tensor, free and boolean independence and f,g e 

{k((x i,..., x s ))+, 0), the respective •h-cumulants satisfy: 

K »h(f *»h s)w = K*h(f)w + K»h(g)w 

2. (Homogeneity) For A e k x : K, h (S\<r f) w = X n, h (f) w holds, 

3. (Pyramid shaped moment- cumulant formula) The relation between moments and 
•h-cumulants is given by 

™, h (f) w = n. h {f)w + {Q. h ) w (K. h (f) u ,deg(u) < deg (w)) 

where (Q, h ) w is a homogeneous polynomial without constant term and which depends 
on the independence chosen. 
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Remark 5.9. The above statements constitute a Lie theoretic derivation of the discussion 
F. Lehner [[23] p. 70] gives on the properties cumulants of additively independent random 
variables have in the case of classical, boolean and free independence. 


The right-translation with the Moebius-series (12), which by [30], Proposition 17.4, gives 
the transformation from moments to free cumulants, i.e. the combinatorial cumulants is 
according to (14) the 77-transform. Its differential at the origin, in canonical co-ordinates , 
is the identity which follows from differentiating the expression (17) with respect to the 
X w and evaluating at 0. 

We can now relate the two notions of cumulants in the additive free case. It is understood 
that the differential is evaluated at the identity of the group. 

Proposition 5.10. For every f e k N , the Ely-cwmu/anfs and the free cumulants k are 
related by a linear transformation, given by a lower-triangular matrix with unit diagonal, 
i.e. 

77 = <777 o LOGgg v , (16) 

with the TZ-transform given in (If). 


The above is equivalent to the commutativity of the diagram: 

---Hfc N ,+, 0) 


{k N ,a v , o) 

moments 


LOG fflv 

(fc N ,+,0) 

EBy-cumulants 


dR 


LOG+=id, 


(k N ,+, 0) 
free-cumulants 


Remark 5.11. Such a relation holds for the other notions of independence also. 


5.2.2 Multiplicative case 

In the multiplicative case we have the following statements. 

Proposition 5.12. The formal group law corresponding to *x m is 

FT,m(X ,Y) W = X w + \ w + X W Y W . 

For the boxed convolution we have 

Proposition 5.13 ([17]). Lets e N x andw e [s]* . The smooth affine groups ((0+) n (fc),[x]), (l s ,0) 
are 5\-homogeneous with weights a m = \w\ — 1, for 2 ^ |rc| ^ n. The representing formal 
group law is given by (|ic| — 1)-homogeneous polynomials 

F W (X,Y) = X w + Y w + 2 X w,ir ' Y w,K(tt)- (17) 

TreNC(H) 

7r ^0| u) |,l| u) | 

For s = 1, it is commutative and for s ^ 2, non-commutative. 
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Proof. The demonstration of the above statement uses the basic identity 

17r| + |_K"(7r)| = n + 1 for all n e NC(ra), 

satisfied by every block of a non-crossing partition n and its Kreweras complement K(ir). 
For details, cf. [17] □ 

Proposition 5.14. The relation between [xJv and [x] is given by 

/0v 9 '■= (/ *F g) 0 A m = /[x]Moeb[x] 5 r (18) 

for all f,ge <5 S (R). 

The above formula is a re-derivation of [Proposition 5.6, [17]], from the theory of co-groups 
and universal products. 

Theorem 5.15. (©+(&),0v,l) —»■ (©+(&),0, (i s >Q)) is a group isomorphism. 

The respective BCH-group laws and are equal up to a linear co-ordinate transfor¬ 
mation with a lower-triangular matrix with unit diagonal. Further, the identity 

EXP 0 odlZ\ @ ^ o LOG|g v = P\ &s+ - 

holds. 


The content of the above statements corresponds to the commutativity of the following 
diagram: 

(© s +(AO,0y,I) _ : 

moments free cumulants 


LOG EV 

{k N ,o my ,0) 

[x]y-cumulants 


, LOGs 

**\ 9 . + (k N , o s ,0) 

-[x]-cumulants 

of free cumulants 


We see the simplification which occurs for when considering the corresponding formal 
group law, e.g. 

(/ °Bv 9 ) 1112^3 fi 112^3 (S) 1 H - 1 ^8) * 2*3 T fill? ® 5 * 2*3 T fills ® 5 * 1*2 T fi 2*3 ® 5 * 1*3 

which is homogeneous of degree 2, if assigning degree |u;| — 1 to X w , but not symmetric. 

Remark 5.16. For s = 1, the map LOGg does indeed linearise the problem as shown 
in [26] and [15, 17]. But this is not true for s ^ 2, as proved in [17]. 

The notion of cumulants always depends on the group law chosen, and it is unique up to 
a linear transformation with a (lower-) triangular matrix with unit diagonal. 


The representation theory of the multiplicative convolution groups in free probability is 
that of pro-unipotent groups [16, 17]. In the algebraic category it is given by upper- 
triangular matrices with unit diagonal and Borel matrices [16, 17]. Alternative, more 
analytic approaches, cf. e.g. [6], we shall develop elsewhere. 
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We close by synthesising the relations free Lie algebras, the shuffle product and unipotent 
group schemes have, cf. [5, 6, 10, 28, 31, 36]. For fixed integers m ^ 2 and r ^ 1, let f m,r 
denote the free Lie algebra generated by m elements x,\..... x rn and nilpotent of step 
r. 


The shuffle Hopf algebra (k(x i,..., x n ), LU, A®), where lu denotes the shuffle product 
and Ag) the deconcatenation co-product, defines an universal unipotent group scheme. 
Namely, according to A. Pianzola’s Theorem [31] every algebraic unipotent group is the 
quotient of it by a Hopf ideal for n large enough. 


The following relations hold: 

f m,d /ideal 

(K X U • 

.., x n ), LU, A(g)/Hopf ideal 

| finite dim. nilpotent | 

equivalence j 

unipotent ) 

( Lie algebras J 

of categories ) 

algebraic groups J 
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